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Chapter 7: LMS Algorithms
e The LMS Objective Function.
e Global solution.
e Pseudoinverse of a matrix.
e Optimization (learning) by gradient descent.
e Widrow-Ho [CAlgorithm
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LMS ODbjective Function

Again we consider the problem of programming a linear threshold function

L4 ifwTx+wg>0,

T _
Yy =sgn(w’ X+ wp) = -
q’., ifWTX+WoSO.

so that it agrees with a given dichotomy of m feature vectors,

Xm = {(X1, L), ..., (Xm, Lad) }-
where x; [RI" and I {+1,+1}, fori=1,2,...,m.



LMS ODbjective Function (cont.)

Thus, given a dichotomy

Xm ={X1, L), ..., Xm, L) 3
we seek a solution weight vector w and bias wq, such that,
Ll ]
sgn w' Xj +wp = ]
fori=1,2,...,m.
Equivalently, using homogeneous coordinates (or augmented feature vectors),
] []

sgn WG] = ]

]
fori=1,2,...,m, where X; = 1,xiT El.
Using normalized coordinates,

sgn ?@Kﬁz 1, or, W0,

forizl,2,...,m,where>|§% [ 4]



LMS ODbjective Function (cont.)

Alternatively, let b [CRIM satisfy b; > 0 fori =1,2,...,m. We call b a margin
vector. Frequently we will assume that b; = 1.
Our learning criterion is certainly satisfied if

WG b

fori=1,2,...,m. (Note that this condition is su Lcieht, but not necessary.)
Equivalently, the above is satisfied if the expression

E(M)l= %Kﬁ— b; I;LI
=1

equals zero. The above expression we call the LMS objective function, where
LMS stands for least mean square. (Technically, we should normalize the above
by dividing the right side by m.)



LMS ODbjective Function: Remarks

Converting the original problem of classification (satisfying a system of inequal-
ities) into one of optimization is somewhat ad hoc. And there is no guarantee
that we can find a Wi+ R"*1 that satisfies E(M.H)—= 0. However, this con-
version can lead to practical compromises if the original inequalities possess
inconsistencies.

Also, there is no unique objective function. The LMS expression,
"% 5]
E (W)= X3 b; “.
i=1

can be replaced by numerous candidates, e.g.

m 1 4 LI -
Wjiﬁ— b; L 1 —sgn D\/Aﬁbl(?I 1 —sgn D\/Aﬁbl(%I etc.
=1

=1 =1

However, minimizing E (MCHs generally an easy task.



Minimizing the LMS Objective Function

Inspection suggests that the LMS Objective Function
"% [2]
E (M= X3 bj
=1

It may have a unique global minimum, or an

describes a parabolic function.
infinite number of global minima which occupy a connected linear set. (The
latter can occur if m < n + 1.) Letting,
I 1
SO o o[
% X:llill X:Ilil2 - Xllz,ln
% = % %21 %22 T Xon CEpmx(n+l)
Kﬂ Ll Xm,1 Xmz2 " anzﬂl,n
then,
11 =0 (011 5
W+ bq (
W3 b
E (W)= %,%]\E bigz 3 T e+ b = XM b [2]
i:]_ H .
KW+ bm %o



Minimizing the LMS Objective Function (cont.)

E (W)= [XM3F b[Z]
_ T
= X b) ' (XML b)
= WIX" —b" (XMW b)
= WX X W+ WIXTb—b'™X W3 b'b
= WX "X W 2b "X W3 [BT2]

As an aside, note that
1

XTx = (5. 5 = %ﬂ [R{N+L>(n+1)
pas| i=1
L 1 [ 1

T o LI |

1 = biig EEP_I_]'.
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Minimizing the LMS Objective Function (cont.)

Okay, so how do we minimize
E (W)= WX "X W 2b "X W3 [BT22

Using calculus (e.g., Math 121), we can compute the gradient of E(\W)] and
algebraically determine a value of Wiwhich makes each component vanish.

That is, solve

| L1
oE

o Ll
J

H

oVl 1
It is straightforward to show that

CEQA)I= 2X T XWw3 2X " b.



Minimizing the LMS Objective Function (cont.)

Thus,
[EQA)= 2X T XWw32X"b =0
if
W= (XTX) IXxTh = XTp,
where the matrix,
x T IIXTX)_le RfN+1)>xm
is called the pseudoinverse of X. If XT X is singular, one defines

XT tiin(xXTX + My~ xT.
O( (D)

Observe that if XT X is nonsingular,

XTx =(XTx) IxTx =1.



Example

The following example appears in R. O. Duda, P. E. Hart, and D. G. Stork, Pattern
Classification, Second Edition, Wiley, NY, 2001, p. 241.
Given the dichotomy,

[T 11 11 1] EEE
Xs= @@,27,1, @o0'1, G, -1, (2,37,

we obtain,
I:H:II:I L1
1 2
X = — | 2 0
T =EHEE -3 -1
KE -1 -2 -3
Whence,
- - 1 5 5 ;0
4 8 6 12 4 12
Ty — [ t v Tun—1vT 1 1 1
X'X=F418 11}Fand, X"'=X'X)"*X' = -z -5 -3
6 11 14 0 _% 0 _%



Example (cont.)

Letting, b=(1,1,1,1)T, then

L1 I 1
> 13 3 7 11
12 4 12 =1 B
th — 1 1 1 — A
WEX'b=F=4 —§ -3 —& =
1 1 2
0O -3 0 =3 1 —3
A
Whence, — \Xz
W == and w= 2 —ELT_-_I
0 3’ 3 5
4
3 °
2 °
1 °
@
1 2 %

Y



Method of Steepest Descent

An alternative approach is the method of steepest descent.

We begin by representing Taylor’s theorem for functions of more than one vari-
able: let x [RI', and ¥ : R" -~ R, so

T(X) = F(X1,X2,...,Xn) [RI
Now let dx [RI', and consider
T(X+0x) =F(X1 +0X1,...,Xn + OXn).
Define F : R - R, such that,
F(s) = F(X + s dx).
Thus,

F(0) = f(x), and, F(1)=F(x+ dx).



Method of Steepest Descent (cont.)

Taylor’s theorem for a single variable (Math 21/22),

F(s) = F(0) + 1 F0)s + > FTR0)s? + F o)+ - -

Our plan is to set s = 1 and replace F(1) by f(x + 0x), F(0) by T (x), etc.
To evaluate F %) we will invoke the multivariate chain rule, e.qg.,

d [ ] of of
&f u(s),v(s) —E(U,V)U%)“La—v(U’V)V%)-

Thus,

f
F%) = —(s) = 2—(x1 +soX1,..., Xn +S0Xn)
T d
= %(x +5 5X)%(X1 +so0xXq)+ -+ :X—n(x +S 6x)£(xn + S OXn)
f
E(x+36x) OX1q + - +a—(x+36x) - OXn.
0X X1 0Xn



Method of Steepest Descent (cont.)

Thus,

F%)——(x) g+ -+ () - 5xn = CEH)T 5.

aXn



Method of Steepest Descent (cont.)
Thus, it is possible to show

1 [
f(x+8x) = F(x) + [FK)'dx+ 0O [[Bk[Z]

1 1

= f(x) + [IF(K) [(Idk[cbs O + O [BdX[2],

where O defines the angle between [T (k) and ox. If [dk [T 1, then

5F = F(x + 6x) — F(x) = [TH(K) [Idk [cbs .

Thus, the greatest reduction &f occurs if cos0 = —1, that is if 6x = —n [E 1
where n > 0. We thus seek a local minimum of the LMS objective function by

taking a sequence of steps

1 [
W + 1) =W(l) —n LEM() .



Training an LTU using Steepest Descent

We now return to our original problem. Given a dichotomy

Xm — {(X11 @1 R (Xm, IEI)}

of m feature vectors x; [RI" with 1 {31,1} fori =1,...,m, we construct
the set of normalized, augmented feature vectors

X = (GG 1, ... G )T CRIMHi=1,... m}.

Given a margin vector, b [RIM, with b; > 0 for i = 1,..., m, we construct the
LMS objective function,

J |
E (W)= % (MG by)? = %EXMEI— b 2]

=1

(the factor of % Is added with some foresight), and then evaluate its gradient

L |
[EQA)I= (M- bj)k3= X (XM b).

=1




Training an LTU using Steepest Descent (cont.)

Substitution into the steepest descent update rule,

I I
W +1) =Ww(l) —n LEM() |,

yields the batch LMS update rule,

f (L [ ]
W +1) =w@)+n b —w(d) I

i=1
Alternatively, one can abstract the sequential LMS, or Widrow-Ho Lruile, from the

above:
[ 1] [ 1]
WL + 1) = Wi(t) +n b — (@) ' xqt) xr).

where x/t) (>4 is the element of the dichotomy that is presented to the LTU
at epoch t. (Here, we assume that b is fixed; otherwise, replace it by b(t).)




Sequential LMS Rule

The sequential LMS rule

[ 1 [ 1]
WL + 1) = Wi(t) +n b —wi(t) X{qt) ),

resembles the sequential perceptron rule,

L] ] 1=t
n
Wit + 1) = W(t) + ) 1—sgn W) T X)X
Each quantity enclosed in red brackets [ - - - ] measures the current classification

error of Xt) in a particular way.

Sequential rules are well suited to real-time implementations, as only the current
values for the weights, i.e. the configuration of the LTU itself, need to be stored.

They also work with dichotomies of infinite sets.



Convergence of the batch LMS rule

Recall, the LMS objective function in the form

1
E (= XM b

has as its gradient,
CEQA)I= X' XW3 X Tb = XT(XWF b).
Substitution into the rule of steepest descent,
1 [
W +1) =w(@) —n [EMW@) ,
yields,

\m+1):\m)—nxT§<|\m)—bD



Convergence of the batch LMS rule (cont.)

The algorithm is said to converge to a fixed point WHf for every finite initial

value “W(D) < oo,

lim W(t) = Wi

| e

The fixed points W -shtisfy [CEQH =~ 0, whence
X TXwit= X Th.
The update rule becomes,

L0 ]
Wt + 1) = W) — n X xﬁm)—b
= Wi(t) —nX'X \m)—uﬁ

Let SWM(t) [WMAt) — W HFhen,
SWI(E + 1) = SW(E) — N X "X W) = T— N X "X)SW(t).



Convergence of the batch LMS rule (cont.)

Convergence ) - Widccurs if SW() = W) — W= 0. Thus we require

that "W + 1) “< “&W(1) “1nspecting the update rule,
1] (]
SW( +1) = | —nXTX dw(t),

this reduces to the condition that all the eigenvalues of

| —nXT'X
have magnitudes less than 1.

We will now evaluate the eigenvalues of the above matrix.



Convergence of the batch LMS rule (cont.)

Let S CRINTD>("+1) genote the similarity transform that reduces the symmet-
ric matrix X TX to a diagonal matrix A CR(M+D>(M+1) Thys, sTs = ssT =,

and
SXTXST = A =diag(A\g, AL, ..., An),

The numbers, Ao, A1, ..., An, represent the eigenvalues of X 'X. Note that 0 < Aj
fori=0,1,...,n. Thus,

SOW(E + 1) = S(I —NX"X)STS dwi(t),
= (I — NA)S dW(L).

Thus convergence occurs if

[SBWIE + 1) [ [SHWI(E) [

which occurs if the eigenvalues of | — N/ all have magnitudes less than one.



Convergence of the batch LMS rule (cont.)

The eigenvalues of | —nA equal 1 — nA;, fori1 =0,1,...,Nn. (These are in fact
the eigenvalues of | —nXTX.) Thus, we require that

—1<1—nNA;j<1l or 0<nA;<2

for all i. Let Amax = max Aj denote the largest eigenvalue of XTX, then con-
0<i=n
vergence requires that

oO<n<

maxX



