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Abstract

In this paper, we deal with mining sequential patterns
in multiple data streams. Building on a state-of-the-art se-
quential pattern mining algorithm PrefixSpan for mining
transaction databases, we propose MILE1, an efficient al-
gorithm to facilitate the mining process. MILE recursively
utilizes the knowledge of existing patterns to avoid redun-
dant data scanning, and can therefore effectively speed up
the new patterns’ discovery process. Another unique feature
of MILE is that it can incorporate some prior knowledge of
the data distribution in data streams into the mining process
to further improve the performance. Extensive empirical re-
sults show that MILE is significantly faster than PrefixSpan.
As MILE consumes more memory than PrefixSpan, we also
present a solution to balance the memory usage and time
efficiency in memory constrained environments.

1. Introduction

Many real-world applications involve data streams. Dis-
covering structures of interest in multiple data streams is an
important problem. For example, the knowledge from data
streams in ICU (such as the oxygen saturation, chest vol-
ume and heart rate) may indicate or predicate the state of a
patient’s situation.

In this paper, we deal with categorical data consisting of
tokens. A token stands for an event at a certain abstraction
level, for example, a steady-state heart rate. We are inter-
ested in knowledge in the form of frequent sequential pat-
terns across data streams. Das et al. [2] studied the problem
of rule discovery from discretized data streams. A rule here
is in the form of the occurrence of event A indicating the
occurrence of event B within time T . This type of causal
rule can be treated as a simplified sequential pattern of two
events. A pattern in our problem involves an arbitrary num-
ber of events which make the problem much more com-
plicated. Oates and Cohen [3] searched rules in the form
of x indicating y within time δ where x is a set of events
within a window and y is also a set of events within another
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window. However, in each of x and y, the order in which
events happen is fixed. An x, for example, is like: after
event A happens, exactly two time points later event B hap-
pens, and exactly three time points later event C happens. In
our problem definition in Section 2, after event A happens,
within two time points event B happens, and within three
time points later event C happens. This more flexible tem-
poral order makes our mining problem more challenging.
Also, the rule form in [3] is only a special case of sequen-
tial patterns. Similar to [2] and [3], our work deals with a
period history of data streams (for example, one day or one
hour) which can afford multiple scans.

2. Problem Statement

Definition 2.1 Given
• a set of streams {S1, S2, ..., Sk, ..., S|V |} where

Sk=Sk
1 Sk

2 ...Sk
q ...Sk

m is a stream of events in which Sk
q

is an event in the set of events for stream Sk and oc-
curs at the time point q, |V | is the number of streams,
and m is the total number of time points,

• the width of a consecutive time window w, and
• the threshold value minSup,

a complete set of patterns satisfying the following condi-
tions are discovered at the time point m:
• each pattern is in the form of the concatenation of

intra-patterns;
• an intra-pattern (p

|V |
i ...pk

i ...p2
i p

1
i ) consists of pattern

literals at the same time point where i ∈ [0, w−1] and
pk

i is either a literal matching an event in Sk or a wild
card * matching any event;

• for any two literals from different intra-patterns in a
pattern, pk1

ij1
and pk2

ij2
(1 ≤ k1 ≤ |V |, 1 ≤ k2 ≤ |V |,

ij1 < ij2 ), Sk1

t+i′
j1

and Sk2

t+i′
j2

, the corresponding

matching events (Sk1

t+i′
j1

= pk1

ij1
and Sk2

t+i′
j2

= pk2

ij2
) for

a time point t, should preserve the temporal condition
i′j1 < i′j2 ; and

• the number of each pattern’s occurrences in the set
of data streams until the time point m (inclusive) is
greater than minSup.



Consider the following example (where a dot denotes an
anonymous event) with 3 data streams and 12 time points.
If minSup = 2 and w = 4, we can find the pattern {(33 22
*)(* * 11)}. We put pattern literals at the same time point
in parentheses and put all pattern literals in braces.

1 2 3 4 5 6 7 8 9 10 11 12
s3 33 . . . . 33 . . . 33 . .
s2 22 . . . . 22 . . . 22 . .
s1 . . 11 . . . 11 . . . . 11

Intra-patterns in a pattern have a flexible temporal order
between them. In the above example, the pattern {(33 22
*)(* * 11)} requires intra-pattern (* * 11) to appear after
intra-pattern (33 22 *). But (* * 11) can either happen im-
mediately after (33 22 *) or several time points later within
the same window. To be concise, we ignore wild cards in
a pattern description. For example, we use {(33 22)(11)}
instead of {(33 22 *)(* * 11)}. Since we can always encode
tokens in such a way that different streams have different
sets of tokens, this representation causes no confusion.

For an arbitrary pattern P=αt̃β where α and β are sub-
patterns of P and t̃ is a token in P, we define suffix(t̃)=β,
and prefix(t̃)=α. Assuming that there are a total of n pat-
terns having αt̃ as a prefix: αt̃β1, αt̃β2, . . . , αt̃βn. We
define suffixes(t̃)=∪n

i=1βi for the prefix α. suffixes(t̃)
should share the same prefix although we may not explic-
itly show it. For example, assuming two patterns {(33 20
10)(22 15)(32 21 11)} and {(33 20 10)(22 16)(34 25 11)},
suffixes(22)={( 15)(32 21 11), ( 16)(34 25 11)} for the
shared prefix (33 20 10). Assuming we have suffixes(t̃1),
suffixes(t̃2),..., suffixes(t̃n) for the shared prefix α, we
define suffixesSet(t) where t is the last token of α in
the form of {t̃1:suffixes(t̃1); t̃2: suffixes(t̃2);...; t̃n:su-
ffixes(t̃n)}. suffixesSet(t) should share some pre-
fix α. For example, if we have two more patterns {(33
20 10)(21 18)(32 27 11)} and {(33 20 10)(21 19)(34 25
11)}, suffixesSet(10)={21:{( 18)(32 27 11), ( 19)(34
25 11)}; 22:{( 15)(32 21 11), ( 16)(34 25 11)}} for the
prefix (33 20 10).

3. Algorithm Description
3.1. Description of PrefixSpan

Since our algorithm builds upon an existing algorithm
PrefixSpan (PseudoProjection) [4], we first outline its basic
steps that can be applied to solve our problem.

1. Scan data streams to locate tokens whose frequency is greater than
minSup, and output them (each of which is a frequent pattern of a
single value). If no frequent token exists, return.

2. For each pattern a, from each of its ending locations (the time point
when the last token occurs): scan data streams at the same window
to locate token b whose frequency is greater than minSup; append
b to a; output ab; let a = ab, and goto step 2. If no frequent token
exists, return.

At the same time point, a token in a lower-numbered
stream is scanned after tokens in streams with higher num-

MILE(){
1 token t = ();
2 t.endLoc←start time points of every window;
3 suffixesSet(t) = ();
4 index idx = ();
5 pattern set←PrefixExtend(t, suffixesSet(t), idx);
}

PrefixExtend(token t, suffixesSet s, index idx){
1 index nIdx = ();
2 suffixesSet(t) = ();
3 for e in t.endLoc
4 /**scanning process**/
5 scan from e to the end of window starting at e,

register locations for every token t̃ at t̃.endLoc,
update the frequency for t̃ at t̃.freq;

6 for every token t̃ and if(t̃.freq>minSup)
7 if(suffixes(t̃) in s)
8 suffixesSet(t)←SuffixAppend(t̃, suffixes(t̃), idx);
9 else
10 suffixesSet(t)←PrefixExtend(t̃, suffixesSet(t), nIdx);
11 suffixes(t)←append t̃ to ( );
12 suffixes(t)←append suffixes(t̃) in suffixesSet(t) to ( t̃);
13 return suffixes(t);
}

SuffixAppend(token t̃, suffixes s
t̃
, index idx){

1 if(idx has no idx
t̃

for s
t̃
)

2 /**building index**/
3 idx←build idx

t̃
for s

t̃
with information in s

t̃
;

4 /**hitting process**/
5 Use every e in t̃.endLoc to hit idx

t̃
,

update frequency for a hitted suffix in s
t̃
,

register the hitted location for a hitted suffix;
6 /**choosing the desired suffixes**/
7 suffixes(t̃)←suffixes in s

t̃
whose frequency>minSup;

8 return suffixes(t̃);
}

Figure 1. Pseudo code for MILE

bers; and at different time points in the same stream, a token
at a later time point is scanned after earlier tokens.

3.2. Description of MILE
We describe MILE with a pattern tree in Figure 2. A

concatenation of literals on the edges from the root to any
node forms a pattern. Here we can ignore the parentheses
in patterns to understand the main idea of MILE smoothly.
βi denotes a suffix of a pattern. From the description of
PrefixSpan, we can see that it performs a depth-first-search
like discovery along this pattern tree. It mines patterns in
the following order: 〈 {11}, {22}, {33} 〉 → 〈 {11 44},
{11 55} 〉 →...→{11 44 β1}→...→{11 44 β2}→...→{11
44 β3}→...→{11 55 44 β3}→{22 11}→...→{22 11 44
β2}→...→{33 22 11 55 44 β2}. PrefixExtend in MILE ex-
plores the pattern tree similarly. But when it comes to {11
55 44}, it finds that suffixes(44) for prefix 11 has been
mined, so it calls SuffixAppend to select the desired suf-
fixes from suffixes(44) and append them directly to {11
55 44} instead of performing a depth-first search to scan
overlapping data (since all data after {11 55 44} must ap-
pear after {11 44}) as PrefixSpan does. We use arrows to



mark each place where SuffixAppend occurs in Figure 2.
We can see that SuffixAppend is embedded in the mining
process to make new patterns’ discovery fast.

Now we describe the selection process in SuffixAppend.
It has three steps which are commented in Figure 1: build-
ing index, hitting process and choosing the desired suffixes.
We show how these three steps work by using one part of the
pattern tree in Figure 2. Assuming MILE is currently run-
ning at point {11 55 44} with ending locations (time points
when 44 in this pattern occurs) (3, 7, 15, 26), it finds that
suffixes(44) for prefix 11 has been mined, so SuffixAp-
pend is called.

Assume (1) minSup=1; (2) start locations (time points
when 44 in the corresponding suffixes occurs) of suffixes in
suffixes(44) for prefix 11 are ( β1): (3, 39), ( β2): (3,
15), and ( β3): (7, 26); and (3) no index has been built for
suffixes(44) thus far, so the building index process starts.
The resulting hash table is shown in Figure 3.

Now the hitting process begins. Every ending location
of {11 55 44} is hashed into the hash table to update cor-
responding suffixes’ frequencies. Then, the choosing pro-
cess caches every frequent suffix in suffixes(44) for pre-
fix {11 55} for possible future appending. Every frequent
suffix is also appended to prefix {11 55 44} in PrefixEx-
tend. In this example, ( β2) and ( β3) are frequent which
can also be seen from Figure 2. The constructed index for
suffixes(44) with 11 as prefix is stored for future use to
avoid a repeated building process. For example, if we have a
pattern {11 66 44}, then this index will be used again for ap-
pending suffixes to that pattern. This index will be dropped
when all patterns with {11} as prefix are discovered.

3.3. Optimization Techniques
Incorporating Prior Knowledge If some prior knowl-

edge of the data distribution in data streams is available,
the performance of MILE can be further improved. If the
users, for example, know in advance the frequency of one
token’s occurrence in some data stream is higher than oth-
ers, that token might have more chance to get more suffixes
appended if the discovery for patterns with that token as
prefix is conducted at a later stage than the one for patterns
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with other tokens as prefix. In this way, MILE will avoid
more expensive redundant data scanning. Our general strat-
egy in MILE is to discover patterns with tokens of a lower
frequency as prefix earlier than the ones with tokens of a
higher frequency as prefix under an encoding mechanism.
The encoding method is presented in [1].

Balancing Memory Usage and Performance If MILE
only records down and builds indices for mined suffixes
whose length exceeds a predefined parameter l, and uses
PrefixExtend to grow shorter patterns, it will use less mem-
ory than the original algorithm although the efficiency will
degrade at the same time. In [1], we have provided more
discussions about this issue and the experimental results
show that MILE can save a significant amount of memory
while maintaining a reasonable efficiency through the mem-
ory balancing procedure.

4. Experimental Evaluation
Experiment Environment All experiments were con-

ducted on a server with four 1GHz SPARC CPUs and 8
gigabyte memory. OS is Solaris 9. We implemented MILE
and PrefixSpan (according to [4]) in Java. The JVM version
is 1.5.0 01-b08. All outputs are turned off.

Data Generation We generated data sets with uniform
and multinomial distributions with specified probabilities.
The uniform distribution is used unless otherwise explicitly
explained. Three parameters are used in each data set name
to indicate its settings: s denotes the number of streams, t
the number of time points, and v the number of different
tokens per stream. The window size is set to 4.

Performance Comparisons When Varying Time
Points and Window Sizes First we compare the perfor-
mance of MILE with PrefixSpan on data sets of different
time points. Relative minSup is used. Figure 4 and more,
similar results in [1] show that MILE runs consistently
faster than PrefixSpan. When the minSup becomes less and
less, more and more patterns appear and more computation
is involved. It is at that point the difference between MILE
and PrefixSpan becomes large. When we vary the window
size and fix the other factors, [1] shows a consistent perfor-
mance improvement of MILE over PrefixSpan.

Incorporating Prior Knowledge on Data Distribu-
tions Figure 5 demonstrates the performance (Pt-Mt)/Pt
((PrefixSpan’s CPU time-MILE’s CPU time) / PrefixSpan’s
CPU time, which is denoted as (Pt-Mt) / Pt hereafter) of
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MILE when some prior knowledge about data distributions
is incorporated into the mining process as described in Sec-
tion 3.3. We generated data sets in such a way that (1) data
set Mult1 has one stream containing a token (with a prob-
ability of 0.55) that happens more frequently than others
(each of which is associated with a probability of 0.15); (2)
data set Mult2 has two streams each of which contains a
token (with a probability of 0.55) that happens more fre-
quently than others; and (3) data set Mult3 has two streams
each of which contains a token (with a probability of 0.75)
that happens more frequently than others. From Figure 5,
we can see that the performance of MILE in these three
data sets is in the order of Mult3>Mult2>Mult1. This re-
sult shows that when prior knowledge of data distributions
is available, we can use the encoding mechanism in Section
3.3 to get more benefits from the suffix appending approach.

Intuitively, the larger the number of patterns formed by
suffix appending, the faster MILE runs in comparison with
PrefixSpan. From Figure 6, we can see that the performance
of MILE is indeed consistent with the ratio of the number
of patterns formed by suffix appending over the number of
all patterns Sn/Tn. Sn/Tn in these three data sets is in the
order of Mult3>Mult2>Mult1.

Tokens in data set Unif are uniformly distributed. In this
case, the average performance of MILE is minimized when
no prior knowledge can be incorporated. However, the dis-
cussion from the previous paragraphs in this section shows
that MILE still outperforms PrefixSpan when dealing with
this kind of data sets. Note that although in Figure 6 the ra-
tio Sn/Tn in data set Unif is sometimes greater than both
Mult2 and Mult1 and is even close to the ratio Sn/Tn in
Mult3, MILE’s performance in Unif is the lowest. Why
does this happen? In [1], statistics on suffixes of different
lengths were collected which show that Mult3, Mult2 and
Mult1 have more mined suffixes of longer lengths than Unif.
This indicates that more expensive depth-first search for re-
peatedly scanning overlapping parts of data is avoided by
the suffix appending approach in the multinomial distribu-
tion cases. The longer the length of appended suffixes, the
better the MILE’s performance.

Performance Comparison When Varying the Num-
ber of Streams Figure 7 shows the scalability of MILE
when the number of data streams is increased. The results
show that MILE runs consistently faster than PrefixSpan.
Furthermore, the efficiency of MILE compared with Pre-
fixSpan will become more significant when the number of
streams is increased. Although [1] shows that the increase
in the number of streams does not change much the length
of appended suffixes, the ratio Sn/Tn is increased when the
number of streams is increased. This explains why MILE
gains more improvement over PrefixSpan as the number of
streams becomes larger.

5. Conclusion

In this paper, we have provided an efficient algorithm
MILE to manage the discovery of sequential patterns in
multiple data streams. Although MILE was built upon Pre-
fixSpan, the unique suffix appending approach in MILE
has made it distinct from PrefixSpan by avoiding redun-
dant data scanning and speeding up new patterns’ discov-
ery. Furthermore, two optimization techniques, incorporat-
ing prior knowledge and a memory balancing procedure,
further improve MILE’s performance. Extensive empirical
results have shown that MILE is significantly faster than
PrefixSpan.
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